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Quantum Darwinism explains the emergence of a classical description of objects in terms of 
the creation of many redundant registers in an environment containing their classical information. 

This amplification phenomenon, where only classical information reaches the macroscopic observer 
and through which different observers can agree on the objective existence of such object, has been 
revived lately for several types of situations, successfully explaining classicality. We explore quantum 
Darwinism in the setting of an environment made of two level systems which are initially prepared 
in the ground state of the XX model, which exhibits different phases; we find that the different 
phases have different ability to redundantly acquire classical information about the system, being 
the “ferromagnetic phase” the only one able to complete quantum Darwinism. At the same time 
we relate this ability to how non-Markovian the system dynamics is, based on the interpretation 
that non-Markovian dynamics is associated to back flow of information from environment to system, 
thus spoiling the information transfer needed for Darwinism. Finally, we explore mixing of bath 
registers by allowing a small interaction among them, finding that this spoils the stored information 
as previously found in the literature. 

PACS numbers: 03.65.Yz, 64.70.Tg, 75.10.Jm 


I. INTRODUCTION 

Quantum Darwinism deals with the description and 
the quantification of the reasons why quasi-classical 
states play a special role in our world, as they are per¬ 
fectly suitable to describe what happens in a broad range 
of scales [T]. Indeed, in our daily experience, we only ob¬ 
serve phenomena that can be described by classical laws, 
despite the fact that classical states represent a very tiny 
fraction of the whole Hilbert space of the Universe. 

The theory of open quantum systems explains the 
emergence of classicality as the result of the interaction 
of a small system with a larger one representing the en¬ 
vironment. Decoherence is the tool used to describe the 
transition from quantum to classical states through the 
loss of information from the system towards the envi¬ 
ronment H0. When describing the emergence of de¬ 
coherence, a partial trace is performed over the bath’s 
degrees of freedom, that is, the information contained 
in the environment is not accessible at all. Because of 
the decoherence process, there are states that naturally 
emerge due to their stability with respect to the interac¬ 
tion with the bath. These states, usually referred to as 
pointer states |3] , are the best candidates to describe the 
classical world. 

In addition, most of the information we have about 
any system comes from indirect observations made on 
fragments of the environment rather than on the sys¬ 
tem itself. The fact that different observers accessing 
different fragments get the same information about the 
system is the central result of quantum Darwinism: the 
states perceived in the same way (objectively) by multi¬ 
ples observers are the ones that are able to spread around 
them multiple copies of their classical information con¬ 


tent. This illustrates the emergence of an objective clas¬ 
sical reality from the quantum probabilistic world. 

Recently it has been shown [5] that observers moni¬ 
toring a system by measuring its environment can only 
learn about a unique (pointer) observable, this being a 
generic feature of quantum mechanics. However this is 
only part of the program: observers need to be able to ob¬ 
tain close to full classical information on the system and 
agree among them. This latter redundant proliferation 
of information regarding pointer states, far from being 
generic, has been demonstrated to take place in different 
physical contexts, that is, considering purely dephasing 
Hamiltonians [5], photon environments min , spin envi¬ 
ronments ISHU and Brownian motion HM11- It has re¬ 
cently been stressed that this redundant encoding should 
be checked at the level of states, with a spectrum broad¬ 
cast structure [15] . 

The achievement of quantum Darwinism, obviously re¬ 
lated to which Hamiltonians govern the problem, is also 
determined by the initial state of the bath. The inhi¬ 
bition of redundancy in Brownian motion has recently 
been linked m to the presence of non-Markovianity in 
the open quantum system dynamics mm- Intuitively: 
the rollback of the decoherence process, through which 
the environment learns about the system, and which is a 
salient feature of non-Markovian evolution, is expected to 
spoil records of the system imprinted upon the environ¬ 
ment. In the case of spins, it is known that mixedness and 
misalignment pTD] (the closeness of bath states to eigen¬ 
states of the interaction Hamiltonian) of environmental 
units will reduce the bath’s ability to produce Darwinism. 
Also, if the bath units are interacting DU ,the redundant 
classical records will spread and become inaccessible lo¬ 
cally, which in the end forces observers to collect huge 
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amounts of bath fragments thus ruining Darwinism. 

In this paper we will first consider the role of initial 
correlations in a separable environment: an ensemble of 
(uncoupled) spins is prepared in the ground state of the 
(coupled) XX model in the presence of an external mag¬ 
netic field. In fact, by tuning the value of the field, dif¬ 
ferent ground states with different correlation properties 
are available. It will be shown that an initially uncor¬ 
related environment is more liable to produce quantum 
Darwinism. Second, by gently turning on the XX cou¬ 
pling Hamiltonian among bath spins, we will show that 
redundant classical records in the bath are spoiled in pro¬ 
portion to the coupling. Finally, we analyze the non- 
Markovianity of the system’s evolution showing that its 
behaviour follows the same trend of quantum Darwin¬ 
ism. We end our work conjecturing a possible relation 
between the two phenomena, based on the amount of 
inter-correlations present in the environment as a perni¬ 
cious influence. 


II. QUANTUM DARWINISM 

Quantum Darwinism is complete when the environ¬ 
ment is able to store redundantly copies of the classical 
information about a pointer observable of the system, 
meaning that any other information about the system 
has not ‘survived’ the (time) evolution. This is typically 
quantified by the mutual information between the system 
and fractions T of the environment: classical, objective 
existence of the system needs different observers, who can 
access different and independent fractions of the environ¬ 
ment, to agree on the properties of the system by query¬ 
ing such fractions. The size of the fractions should not be 
a limitation, since otherwise we would need a minimum 
amount of environment to learn something about the sys¬ 
tem. Mathematically this condition basically means that 
the mutual information between system and fractions of 
the environment I(S : T) must be almost independent of 
fraction size {i^T) and on which fraction we have chosen 
(i.e. I{S : T) £ f(#T) and I{S : Ji) = I(S : To) when 

Let us consider a system S in contact with an envi¬ 
ronment £ and suppose that we have knowledge about 
the inner structure of £, that is £ = (g)A jf,;, where each 
£i has dimension D. We also suppose that any individ¬ 
ual fragment of the environment T = m of size 

#T = fN (/ • N, with 0 < / < 1, is the number of 
£ ’s spins contained in T) is accessible. The mutual in¬ 
formation between S and T, which quantifies how much 
information about S is present in the fragment T is de¬ 
fined as 

1(S : T) = Hs + Hj^ — H S f, (1) 

where H is the von Neumann entropy. The emergence 
of Darwinism can be explained by the following example: 
the pure system+environment state 

\ 4 > se ) = (a|0) + /3|1»® |£ (0) ,e (1) ,...,£ (iV) ) (2) 


evolves into 

Wse) = alO)!^,^,.. • ,eo JV) )+^|l)ki 0 ) ,£i 1) . • • • ^i^). 

(3) 

where = Sij. In such a GHZ state, the in¬ 

formation carried out by the system can be also found 
considering any possible environment fraction of any 
size. In fact, all the reduced density matrices have 
the same entropy and, for any #T excluding 0 and N, 
I(S : T) = Hg, where ps is the density matrix of the 
system after the bath has been traced out. If the total 
state S + £ is pure, measuring the whole environment, 
one acquires full knowledge about the state of the sys¬ 
tem, given that Hs = H^. As a further example, let 
us consider a random pure state. Is it possible to get 
a high amount of information monitoring only a small 
part of the bath? What happens is that, typically, the 
observer cannot learn anything about a system without 
sampling at least half of its environment. This charac¬ 
teristic behavior is illustrated in Refs. mm- In turn, 
states created by decoherence, which do not follow this 
behavior and are those explaining our everyday classi¬ 
cal experience, have zero measure in the thermodynamic 
limit. 

It is pretty natural to ask whether the presence of cor¬ 
relations in the environment facilitates the emergence 
of quantum Darwinism. Here, we address this prob¬ 
lem considering the following model: a single spin S 
(the system) couples to a collection of N spins, decou¬ 
pled from each other. The Hamiltonian considered is 
H = Hs + H b + Hss, where 


N N 

h b = - EK + ^“+i + <rr°t+i) ~ h Y. 

2=1 2=1 

N 

H s£ = daZ^o?. (5) 

t-i 

Here, N is the total number of spins in the bath, 
h is the strength of the external magnetic field, and 
periodic boundary conditions are imposed. Assuming 
[Hs,Hss] = 0, the system timescales are of no impor¬ 
tance and will be neglected, that is, we will neglect Hs 
unless otherwise specified. 

Usually, open quantum systems are studied in the 
weak-coupling regime. However, as we have said in the 
introduction, we want to investigate the ability of this 
spin bath to store classical copies of the system. Then, 
the bath itself must be modified during the dynamics. To 
this end, we will consider a system-bath interaction much 
higher than the bath Hamiltonian itself (d > h ~ 1), 
whose effects on the dynamics can be neglected at least 
as a first approximation. 

The initial state of the system is |+) = (| t) +1 1))/v^2, 
while, assuming zero temperature, the bath is initially 
prepared in its ground state |G). As [Hs,Hss] = 0, the 
evolution of the global state takes the form 

I^W) = 4(lt)|G t )(t) + ||)|G^)(Q). (6) 
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The system undergoes pure depliasing, that is, its density 
matrix evolves in time as 

«<*>=l ( 1 °) ■ (7) 

where v(t) = 

As we are going to prove, different forms for the 
ground state show different capability of storing redun¬ 
dant copies of classical information of the system. 

III. QUANTUM PHASES 

In this section we briefly review some of the properties 
of the isotropic XX Hamiltonian in the presence of a 
transverse field, which is exactly the model introduced in 
Q to describe the bath. 

The exact spectrum of Hb can be calculated using the 
Jordan-Wigner transformation, which maps spins into 
spinless fermions [21]. This model is known not to pos¬ 
sess a proper quantum phase transition (QPT). Instead, 
an infinite-order Kosterlitz-Thouless (KT) [22] quantum 
phase transition without symmetry breaking takes place 
around h = he = 1. 

Depending on the value of the transverse field h, which 
plays the role of an effective chemical potential, the num¬ 
ber of fermionic excitations in the ground state changes. 
In the following, |G n ) will indicate the ground state in the 
n-excitation sector. Notice that each |G n ) is the ground 
state for a finite range of values of h , and that the num¬ 
ber of sectors h depends on the number of spins in the 
bath as h = (N/2 + 1) for N even and n = (N + l)/2 
for N odd. For h > he , no excitations are present, that 
is, the ground state is |G 0 ), while |G fi _i) is the ground 
state in the region near h = 0. In the thermodynamic 
limit, the magnetization grows continuously from h = 0 
up to h = 1 and then remains constant showing a cusp 
around h = he [23]. 

IV. RESULTS 

A. Quantum Darwinism from ground state 
ordering 

As said before, we discuss the emergence of Darwinism 
preparing the bath in its ground level. At the initial time 
we assume 

IV’(O)) = |+) 0 |G„). (8) 

In the strong coupling regime, that is, neglecting Hb 
during the dynamics, the evolution is given as 

\m)= e ~ iHs£t \m). ( 9 ) 

Because of the form of the interaction, the initial state 
evolves spanning the whole set of 2 N+1 basis states. Such 


an exponential dependence strongly limits the maximum 
number of spins that can be introduced to obtain the 
numerical solution in computationally reasonable times. 
However, if the bath’s initial (ground) state is either 
|G) = |Go) or |G) = |Gi), due to the invariance of these 
states under any spin-spin swap, the effective action of 
Hgg takes a very simple form. Let us indicate with |i) the 
i-magnon state, that is the swap-invariant state with i Is 
and (N — i) Os; for instance |Go) = | 0 ) and |Gi) = |1). 
Consider also that 

e~ lHs£t \^(0)) = e~ id,T sT. i ^t\^{Q)) 

= |)|G) +e +id ^ a * t \ 4.)|G). 

It is easy to show that JA erf couples |i) to |i+l) and to 
| i-1) , with no other states involved. 

Then, as detailed in the appendix, an effective Hamil¬ 
tonian with N + 1 degrees of freedom can be built to 
describe evolution ([9| of Q : 

N 

Hoff = ^(A+|n)(n+l| + Af |n)(n-l|) (10) 

n—0 

where A~ = ^/n(N — n + 1) and A+ = A~ +1 . As the 
transition from |G) = |Go) to |G) = |Gi) takes place at 
hc 7 we can monitor the qualitative change around the 
critical point by considering very long chains. 

The simple form of the evolution operator allows us to 
learn about the recurrence time of the system. In fact, 
we have 

\il>(n/2d)) = Ux\il>(0)), ( 11 ) 

where Ux = <8>£Li<7f is the spin flip operator. Then, at 
d-t = 7t/2, the evolved state is identical to the initial one 
provided that the exchange | t) I D has been applied 
to every single spin. Then, as far as the information con¬ 
tent of the state is considered, n/2 represents the model 
periodicity, and 7t/4 the time when the influence of the 
environment over the state is maximized before revival 
takes place. Based on these considerations, we also ex¬ 
pect that quantum Darwinism effects are more evident 
for 7t/4. 

In Fig. |TJ we chose the optimal time d ■ t = n/4 and 
calculated I{S : J) as a function of and for dif¬ 
ferent values of h in order to take into account any of 
the possible ground states |G„) of Hb for a bath of 14 
spins. From Fig. [l] we learn that the presence of cor¬ 
relations in the initial state (h < he) has the tendency 
to destroy the emergence of quantum Darwinism, while 
as expected, uncorrelated states (h > he) bring perfect 
redundant information proliferation. When moving to¬ 
wards lower values of h (lighter curves) the behavior of 
I{S : T) tends to the one observed picking random states 
(no Darwinism); however for very low h the shape returns 
to a Darwinism-like one, even though the achieved slope 
is far from being optimal. 

A possible intuitive explanation of the observed trend, 
although it will have to remain as a conjecture at this 
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l(S.T)/H s 



FIG. 1: I(S : J-) at t = 7r/4 for TV = 14 and in the strong¬ 
coupling regime d = oo for different values of h. The eight 
lines correspond to the eight different ground states of Hb- 
The darker the line, the higher the value of h. For h = he = 1 
(black curve) T(S : T) = Hs for any size of the fraction: 
even observing only one spin in the bath we can learn all the 
classical information on the system; quantum Darwinism has 
been fully achieved. For lower h (the lightest line corresponds 
to the ground state of the sector 0 < h < 0.11) a significant 
fraction size (#J- ~ 1V/2) has to be observed in order to reach 
enough information (T(S : J-) ~ Hs), so quantum Darwinism 
has not succeeded. 


stage, comes from studying the entanglement properties 
of ground states of the XY model, both bipartite [23] 
and multipartite [25] . When we take a given fraction, its 
initial entropy is higher when it is more entangled with 
the rest of the bath, thus more (multipartite) entangle¬ 
ment means more initial entropy of the fraction and thus 
less ability to store new info about the system. Thus, 
as discussed in [10] . the best situation for Darwinism is 
when each bath unit is initially pure (no entropy, so it 
can grow its entropy maximally through learning the sys¬ 
tem’s state) and when they are orthogonally aligned to 
the eigenbasis of the interaction Hamiltonian (this is why 
the h = he case is optimal). As we go away from h = he 
to lower field values, multipartite entanglement increases 
each fraction entropy and worsens the ability to produce 
darwinism. However, when the ground state is half filled, 
that is, when h ~ 0, a new competing effect appears: the 
system von Neumann entropy drops dramatically close to 
zero at the time when Darwinism is expected to appear 
(not shown). At the same time, the bath’s single frac¬ 
tion density matrix remains maximally mixed. Because 
of this drop, the difference between Hjr and Hsr be¬ 
comes less relevant and the Darwinism measure is more 
sustained (i.e. better) than in the presence of more in¬ 
tense values of the magnetic field. This means that we 
are facing a non-linear type effect: the multipartite en¬ 
tanglement initially present in the bath is able to induce 
a small amount of disorder in the system without losing 
its properties. 


B. Mixing of classical records 

We have seen that initially correlated states in the 
bath (h < he = 1) perform worse in terms of quan¬ 
tum Darwinism. This means that they are less able to 
store redundant copies of the classical information about 
the system. A further aspect, as studied e.g. in m , is 
whether classical redundant copies are stable along time. 
In that work, the authors study a spin dephasing star 
model in which they add random weak couplings among 
bath units; such couplings introduce mixing among the 
records, thereby leading to a delocalization of the sys¬ 
tem’s information. It is thus no longer possible to re¬ 
cover such information by just measuring a small, local, 
fraction of the environment, hence leading to poor Dar¬ 
winism. 

Here we have so far studied the case of evolution dic¬ 
tated by only Hss, which imprints the information of 
the system onto the bath. But what happens if the 
self-dynamics of the bath is taken into account? The 
Hamiltonian Hb consists of a local (field h) part and 
a term (XX interaction) which propagates interaction 
among bath units, therefore it is to be assumed that Hb 
will mix different local records and diffuse such informa¬ 
tion in a nonlocal fashion all over the bath’s extension. 
If so, a worse plateau should be observed. Indeed, in 
Fig- H we see that such is the case. There we let system 
and bath evolve according to H = H$s + A Hb for differ¬ 
ent values of A (to be compared with results in previous 
section where we set d = 1 and A = 0, which is the equiv¬ 
alent of d 3> 1). A progressive worsening of the plateaus 
for higher As can be observed, in addition to a distortion 
of the periodicity which was present when only Hgs was 
active. 


C. Non-Markovianity 

So far, we have studied the emergence of Darwinism in¬ 
duced by the system-bath interaction. As we are working 
in the strong-coupling regime, it is quite natural to ex¬ 
pect that memory effects come out together with a a flux 
of information from the bath to the system. The con¬ 
nection between non-Markovianity and Darwinism was 
discussed in Ref. m considering a harmonic oscillator 
whose position was coupled to the positions of N har¬ 
monic oscillators representing the bath. In that context, 
it was shown that the presence of memory effects inhibits 
the emergence of objective reality. The same kind of 
analysis can be carried out considering the model under 
investigation. 

The measure introduced in Ref. nu provides a way of 
quantifying the amount of non-Markovianity produced 
during the dynamics. Let us briefly recall such a def¬ 
inition. In a Markovian process, the distinguishability 
between any pair of quantum states is a monotonously 
decreasing function of time. Then, the presence of time 
windows where some states become more distinguish- 
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FIG. 2: Full evolution of I(S : J-) including the bath’s Hamil¬ 
tonian, with d — h = 1, IV = 12 and H = Hss + XHb- From 
top to bottom: A = 0, 0.25, 0.5,1. In the A = 0 case a perfect 
plateau is seen at d-t = n/4 (we have drawn a red line to high¬ 
light the plateau) and full dynamics recurrence time occurs at 
d-t = 7r/2. Once the bath Hamiltonian comes into play A ^ 0, 
the first plateau gets narrower due to mixing of records in the 
environment, and even more so the second plateau. Also the 
recurrence dynamics gets shorter and distorted. The more 
important is the role of the bath’s Hamiltonian, for higher 
A, the more pronounced is the effect. Mixing of bath records 
breaks the quantum Darwinism plateau. 


able between each other witnesses the presence of non- 
Markovianity in the dynamical map. The non-Markovian 
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FIG. 3: Non-Markovian quantifier Af for a 12-spin bath in the 
strong-coupling regime. 


quantifier is then defined as 


Af 


= max 

Pl,P2 



dt <r(f, pi, 2 (0)), 


( 12 ) 


where the trace distance, which quantifies distinguisha- 
bility is D(pi,p 2 ) = Tr|pi — P 2 I /2 and where its rate of 
change is cr[t, pi, 2 ( 0 )] = dD[pi(t), p 2 (t)]/dt. The maxi¬ 
mum in Eq. © is taken over any possible pair of states 
{p\, p 2 } • In the case of pure dephasing, it was shown in 
Ref. [2Sj that there is a simple way of calculating Af in 
terms of the Loschmidt echo: the trace distance o f any 
pair of (qubit) system states is D[p\(t), p 2 s {t)\ = \/L(t), 
where the Loschmidt echo is Lit) = \v{t)\ 2 . 

In Fig. [3] we plot Af as a function of h for a bath of 12 
spins. The measure is taken considering times between 
zero and 7r/4. In agreement with the results of Ref. TB] , 
the evolution is completely Markovian for h > he- By 
lowering the value of h and passing through the whole 
family of | G n ), the value of Af increases monotonically 
as magnetization decreases and reaches its maximum for 
h = 0. From this point of view, the result is qualitatively 
similar to the one obtained considering Darwinism. In 
other words, the higher the amount of non-Markovianity, 
the smaller the ability of proliferating throughout the 
environment. 


A more detailed analysis can be given calculating Af 
around h = he by means of the exact solution introduced 
in Sec. IV A[ As expected, for h > he, Af = 0 irrespec¬ 
tive of the bath’s size. More interesting is the behavior 
immediately below the critical point. Indeed, except for 
the case of very short chains (N < 8), Af(h^) has a con¬ 
stant value (see Fig. [4]). In a way, Af plays the role of 
a precursor of KT phase transition, as the critical point 
can be spotted far before reaching the thermodynamic 
limit by monitoring the amount of non-Markovianity. 
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FIG. 4: Non-Markovianity immediately before the critical 
point A f(hc) as a function of the bath size N. 


V. CONCLUSIONS 


In conclusion, we have studied several aspects of 
the emergence of quantum Darwinism in the pure- 
decoherence setting due to a spin bath. We have chosen 
to initialize the bath in different quantum phases of the 
isotropic XX model with transverse field. If the initial 
bath’s state is uncorrelated (h > he ), as already known, 
quantum Darwinism arises as redundant proliferation of 
information is produced throughout the bath. The pres¬ 
ence of initial correlations (h < he), however, represents 
an obstacle towards the building up of classical objectiv¬ 
ity. 

We have also quantified the amount of non- 
Markovianity of the system’s dynamics, finding that it 
correlates well with the absence of quantum Darwinism. 
This offers further evidence of what was already shown 
in |16j for the Brownian oscillator model. 

Finally, along the lines presented in m, we have 
shown that coupling between spins in the bath neces¬ 
sarily ruins the achieved redundant classical information 
storage. This can be understood as mixing and delo¬ 
calization of such records, whereby information can no 
longer be gained locally through small bath’s fragments. 

As a main conclusion, we have found that the quantum 
Darwinism program is better achieved if the environment 
is similar to a blank slate (no correlations) made of un¬ 
coupled units, as intuitively is to be expected from any 
good memory device. 
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Appendix: Simplified exact solution around the 
critical point 

According to the notation introduced in the main text, 
for fields immediately smaller than he, the ground state 
of Hb is the single-magnon state 

l G i> = -)= I 0 ’ 0) • ‘ ’ li! 4 •' ’ °>' ( A -!) 

v i 

Let us assume that the bath is initially prepared in 
|G) = |G 0 ) or in |G) = |Gi), while the initial state of 
the system is |+) = (|0) + \l))/\/2. Due to the purely 
dephasing character of the coupling, the evolution in time 
\ip(t)) = e~ lHt \G) ® |+) can be split into 

I m) = ^(e- iffo ‘|G> ® |0) + e~ iHlt \G) ® |1» (A.2) 

where H 0 = —Hi = Y)^=i a i only involve bath degrees 
of freedom. 

Given that |G) is invariant under any spin-spin swap, 
its evolution takes a very simple form. Let us indicate 
with |i) the i-magnon state, that is the swap-invariant 
state with i Is (let us point out that |i) ^ |Gj) unless 
i = 0,1). It is easy to show that H 0 couples |i) to ji+1) 
and to |i-l), with no other states involved. Then, an 
effective Hamiltonian with N + 1 degrees of freedom can 
be built to describe the evolution of |G): 

N 

H es = ^](A+|n)(n+l| + A”|n)(n-l|) (A.3) 

n =0 

where A~ = \Jn{N — n + 1) and A+ = A~ +1 . 

Once the effective Hamiltonian has been derived, the 
exact dynamics of the initial state |G) ® |+) takes the 
form 

1 N 

I ‘•Pit)) = l°) + Cn(-t)| n )(8)| 1 )]. (A. 4) 

v n—0 

The reduced density matrix of the system is then given 

by 

ps(t) = i ( "f ) (A.5) 

where v(t) = £„ c nW- 

If we want to calculate the reduced density matrices of 
fractions of the bath we need to decompose the states n 
into sub-parts. As all the states involved have long-range 
correlations, we will limit our calculation to considering 
the first k spins of the baths (the result would be identi¬ 
cal for any group of k spins). So, defining the partition 
{k,N — k}, the state |n)jv (the subscript indicates the 
Hilbert space where the state is defined) can be written 
as 

\ u )n = /iV,n,i,fc|i}fc| n -i)iV— fc (A. 6) 

^min 
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where * max = min[fc, n], i m - ln = max[0, k + n — N] and 
where 


fw 


,n,i,k — 



(A.7) 


Eliminating k spins from the bath gives 


k N-k 


Pk,s(t) — n 'y 'y ^ C n+i{t) C m+i(t)fN,n+i,i,kfN,m+i,i,k \ n )( 1 11 


2—0 n,m =0 
k N-k 


+ E C n+iW C m+i(-*)/iV,n+M,fe/jV,m+i,i,fcl n )(m| ® |0}(1| 


2=0 n,m =0 
k N-k 


+ c n+i (-t)c^ +i (t)/jv,„ +M , fe /^ m+iii;fc |n)(m| <g> |1)(0| 


2—0 n,m —0 
fc N—k 


+ C n+i(- t ) C m+i(- t )fN,n+i,i,kfN,rn+i,i,k\ n )( m \^\ 1 )( 1 \ 


2=0 n,m =0 


(A.8) 


Let us assume that the bath is initially prepared in 
|n=0). For t = 7r/4, the state takes the form 


and brings perfect Darwinism. 


1 


|^)> = ^[(|0)-H|l))® iV ®|0} 


-* 11 ))®^ «| 1 )] 

(A.9) 
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